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Analytical Relationships for Linear Quadratic
Aeroelastic Flight Control Eigenvalues
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Several obstacles limiting the use of contemporary control design techniques in production vehicles are noted.
These obstacles restrict one from obtaining insight into the control law augmentation of the vehicle. For example,
with the linear quadratic (LQ) state feedback method, detail effects from cost function weight adjustment are
not easily understood. Further, the role of each feedback loop is not readily apparent. Fundamental to overcom-
ing this problem is factoring of the LQ characteristic polynomial. Useful analytical expressions, and ultimately
the relationships they represent, are sought between basic design parameters of the system and the closed-loop
eigenvalues. An approximate analytical factoring technique, previously developed for open-loop applications, is
considered as a tool for this closed-loop problem. The � rst two terms of a Taylor series are used to capture the
polynomial coef� cient dependencies on the polynomial factors. By analytically inverting the � rst-order sensitivity
matrix, corrections to preliminary approximate factors are generated. Expressions for the closed-loop factors are
in terms of basic parameters such as stability and control derivatives, structural vibration damping ratio and
natural frequency, and cost function weights, allowing key relationships to be uncovered between the design knobs
and important closed-loop features.

Introduction

I NCREASED reliance on � ight control systems to meet mission
design requirementswhile retaining exceptional � ying qualities

has been the trend for several decades.1 In advanced vehicle con-
cepts, where overall � ight characteristicsare in� uenced by various
factors such as rigid-body motion, structural vibration, unsteady
aerodynamic � ow, and propulsion system behavior, multiple feed-
back loopsare designed to actively control, in an integratedfashion,
key dynamic features in the vehicle system. Often these control
loops must operate near maximum performance levels with stabil-
ity margins approachingminimum requirementlimits for economic
or functional viability of the concept.

The theoretical control community has been concentrating on
contemporarydesign techniquesfor such applicationsfor over three
decades.Powerful methods such as linear quadratic regulator/linear
quadratic Gaussian/loop transfer recovery (LTR), H2 , and H1 have
been created to close multiple feedback loops simultaneously in
a well-coordinated manner.2;3 Recent activity has concentrated on
tuning existing methods to provide closed-loop robustness proper-
ties. Two obstacles limiting the use of these methods in production
vehiclesare 1) the lumped nature of the algorithmsmasking individ-
ual loopsigni� canceand2) theoretical–mathematicalsophistication
linking relevant closed-loop properties to the design knobs. These
characteristicslimit insightinto thecontrollaw’s stabilizationand/or
augmentation of the vehicle, and if design results suggest the need
for modi� cations, the � ight control designer is often unclear as to
how to proceed, short of quasi-iterativestrategies.

For example, with standard linear quadratic (LQ) state feedback
control, once the input–output suite is speci� ed, the designer must
select cost function weights that provide acceptable trades between
stabilityand performance,in both time- and frequency-domainmea-
sures.Effects fromadjustinga particularweight, as it passesthrough
the Riccati equationand into a speci� c feedbackgain or closed-loop
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characteristic, is not easily understood.Further, the role each feed-
back loop plays in stabilizing/augmenting speci� c plant modes is
not readily apparent, as compared with a conventional, sequential
loop closurestrategy.4 The overallobjectiveof this work is to initiate
a small step toward bridgingthis gap between theoryandapplication
for speci� c � ight control problems.

LQ-based root locus theory provides an ef� cient origin for pur-
suing this activity. It is well understoodhow the closed-loopcharac-
teristic polynomialis explicitlyde� ned in terms of the plant transfer
function numerator and denominator polynomials and cost weight-
ings.Therefore,analyticalfactoringof theclosed-loopcharacteristic
polynomialis fundamentalto fosteringusefulrelationshipsbetween
thedesignknobsand resultingclosed-loopfeatures.5 For single-loop
systems, this relationshipis portrayedgraphicallyas the cost weight
ratio is varied.2 For multiloop systems, this graphical information
is quite sparse, existing only in an asymptotic sense.6¡9

Exact symbolicfactoringof polynomialsis onlypossibleforpoly-
nomials of degree four or less. Noting the symmetric nature of the
LQ characteristicpolynomial,exact analysisis restrictedto dynamic
systemsof order four or less. Further, the cubic and quartic formulas
are not easily used for problem understanding.Therefore, attention
is turned to an approximate analytical factoring technique that has
beenused successfullyto developrelationshipsforopen-loopelastic
airframe transfer functionpoles and zeros in terms of basic parame-
ters such as stability and control derivativesand structuralvibration
parameters such as damping ratio and natural frequency.10¡15 In
this technique, the � rst two terms of a Taylor series are used to
capture the polynomial coef� cient dependencieson the polynomial
factors. By analytically inverting the � rst-order sensitivity matrix,
correctionsto preliminary approximate factors can be generated. In
principle, the technique is applicable to higher-order systems, but
computational complexity restricts the upper limit on system dy-
namic order that can be handled, in practice. Relatively simple and
accurate analyticalexpressionsconducive for obtaining insight into
the vehicle physics have been obtained by this technique.

The strategy here is to explore the utilization of this factoring
tool in closed-loop settings, and to generate analytical expressions,
albeit approximate, between the cost function weights and closed-
loop eigenvalues, for a LQ-based aeroelastic � ight control law.
Through these expressions, the goal of the research is to foster im-
proved understandingof the cost weighting selectionprocess and to
provide practical, relevant design information to the � ight control
engineer.16;17 If successful, the results may contribute to increased
applicationand implementationof contemporarydesign techniques
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to advanced vehicle concepts requiring multiple, coordinated feed-
back loops.

Flight Dynamics Modeling
Within the commercial � ight industry, there exists considerable

interest for the development of a long-range, high-speed, high-
capacity vehicle that can serve global transportation markets
while remaining a viable concept both economically and environ-
mentally.18;19 The top end speeds of this vehicle, coupled with the
use of composite materials for the primary structure, will lead to
signi� cant interactionbetween rigid-bodyand structural dynamics.
Lowest frequency structural modes are expected to be well within
one frequency decade (radian per second) of the short-period dy-
namics. This type of vehicle is a prime candidate for, and may nec-
essarily require, a multivariable � ight control system.20 Therefore,
an aeroelastic � ight control application is chosen for the analytical
expressionswork presented here.

To capture the multidisciplinaryaspects of rigid-body and vibra-
tional motion,modeling efforts must return to the fundamentalgov-
erning principles, such as in Ref. 21. The nonlinear dynamic model
generated by this process can be linearized and reduced in order,
resulting in a linear model appropriate for � ight control design ac-
tivities.

Reference12 containsa model of this sort for a large, high-speed,
elastic vehicle. Con� guration geometry consists of a low-aspect-
ratio swept wing, conventional aft tail, and small canard. A � fth-
order polynomial matrix realization is given as

s ¡ .Z®=VT / ¡[1 C .Zq =VT /]s ¡.Z Ṕ=VT /s ¡ .Z´=VT / 0 0

¡M® s2 ¡Mq s ¡M Ṕs ¡ M´ 0 0

¡F® ¡Fq s s2 C .2³! ¡ F Ṕ/s C !2 ¡ F´ 0 0

0 ¡s 0 1 0

0 ¡s Á0s 0 1

®.s/

µ .s/

´.s/

q.s/

q 0.s/

D

Z ±E VT Z±C VT

M±E M±C

F±E F±C

0 0

0 0

±E .s/

±C.s/

y.s/ D [q.s/ q 0.s/]T u.s/ D [±E .s/ ±C .s/]T y.s/ D G.s/u.s/ G.s/ D 1
d.s/

n11.s/ n12.s/

n21.s/ n22.s/

(1)

This model involvesthe small perturbationlongitudinaldynamicsof
thecloselyspaced,effectiveshort-periodand� rst aeroelasticmodes.
Degrees of freedom include rigid-body angle of attack and pitch
angle denoted as ® and µ , whereas ´ correspondsto the generalized
aeroelasticmode coordinate.Rigid pitch rate q and pitch rate sensed
at the cockpitq 0 are the responsesof interest.Control inputs consist
of the elevator and canard de� ections ±E and ±C . The reference
� ight conditionis level � ight at Mach 0.6 and altitude5000 ft. Other
parametersof interestin Eq. (1) are rigidandaeroelasticstabilityand
control derivatives Z i ; Mi ; Fi , with i D ®; q; ´; Ṕ; ±E , and ±C ; total
� ight velocity VT ; structuralvibration frequency!; damping ³ ; and
mode slope at the cockpit Á 0. In Eq. (1), G.s/ denotes the vehicle
transfer function matrix. Numerical values for the parameters are
listed in Table 1.

Table 1 Vehicle numerical model de� nition

Z®=VT D ¡0:4158 1/s [1 C .Zq=VT /] D 1:025
Z´=VT D ¡0:002666 1/s Z Ṕ=VT D ¡0:0001106 1/s2

M® D ¡3:330 1/s2 Mq D ¡0:8302 1/s
M´ D ¡0:06549 1/s2 M Ṕ D ¡0:003900 1/s
F® D ¡1;040 1/s2 Fq D ¡78:35 1/s
.2³ ! ¡ F Ṕ / D 0:6214 1/s .!2¡F´/ D 34:83 1/s2

Z±E =VT D ¡0:08021 1/s Z±C =VT D ¡0:01644 1/s
M±E D ¡5:115 1/s2 M±C D 0:8086 1/s2

F±E D ¡865:6 1/s2 F±C D ¡631:1 1/s2

Á 0 D 0:02100 ft/ft
n11 D ¡5:1s.s C 0:33/.s ¡ 0:0031 § j4:9/

n12 D 0:81s.s C 0:31/.s C 1:9 § j9:1/
n21 D 13s.s C 0:23/.s ¡ 3:4/.s C 4:0/
n22 D 14s.s C 0:16/.s C 0:66 § j3:0/

d D s.s C 0:44 § j1:2/.s C 0:50 § j6:0/

Ã D ¡82s2.s C 0:35/

Fig. 1 Rigid pitch rate frequency response.

Table 1 lists the vehicle transfer function factors, whereas Figs. 1
and 2 show the q=±E and q 0=±E frequency responses, respectively.
For these same channels, Figs. 3 and 4 indicate the time responses
due to a nose up 0.01-rad step command. As observed from the
information given in Table 1 and Figs. 1–4, important open-loop
dynamic de� ciencies include the level of damping of the short-
period and aeroelasticmodes, as well as aeroelasticcontributionsto
the dynamic responses.High levels of mode interactionare present.
Because of the extreme levels of � exibility in the vehicle structure,
thecockpitpitchrate responseexhibitshigh-frequencytransientmo-
tions and response reversal (nonminimum phaseness). The inherent

airframe dynamicsare unacceptablefor manual control by the pilot,
or for passenger ride comfort, and � ight control augmentation is
necessary.

Flight Control Design
In short, objectives of the � ight control system are to correct

the characteristics just noted, as well as provide satisfactory lev-
els of robustness to modeling errors with feedback architecture
as simple as possible. As an initial step into the analytical ex-
pressions work, consider the standard LQ state feedback strategy
for � ight control system development. Although better formula-
tions for � ight control design exist, the standard LQ approach is
the most well-known contemporary design technique, and it pro-
vides a simple framework for illustrating the analytical expressions
work.

Suppose the state-space description for the vehicle model in
Eq. (1) is

Px.t/ D Ax.t/ C Bu.t/ y.t/ D Cx.t/ (2)

Recall with A and B stabilizableand A and C detectable,theoptimal
state feedbackcontrollaw, whichminimizesa cost functionblending
the responses and inputs, or2

J D
1

0

f yT .¿/Qy.¿ / C uT .¿/Ru.¿/g d¿ (3)

with symmetric, positive semide� nite Q and symmetric, positive
de� nite R, is given as

u.t/ D uc.t/ ¡ K R x.t/ K R D R¡1 BT P (4)
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Fig. 2 Cockpit pitch rate frequency response.

Fig. 3 Rigid pitch rate time response.

Fig. 4 Cockpit pitch rate time response.

The matrix P in Eq. (4) is the solution to the algebraic Riccati
equation

P A C AT P ¡ P B R¡1 BTP C C T QC D 0 (5)

Finally, after considerable manipulation, it can be shown that the
closed-loop poles are the values of s in the left-half plane, which
satisfy

d.s/d.¡s/ det[R C GT .¡s/QG.s/] D 0 (6)

For the 2 £ 2 aircraft system given in Eq. (1), the cost function
weighting matrices are

Q D
q11 q12

q12 q22
R D

r11 r12

r12 r22

(7)

where and represent overall weighting parameters.
Speci� cation of the control input and response output set is a

key step toward a successful � ight control system. Selection of q 0

and ±C in this set provides a close proximity actuator–sensor pair
near the nose of the fuselage.This feedback channel should provide
ample opportunity to suppress the harsh vibrational environment
predicted at the cockpit. Also included in this set are q and ±E .
Historically, this pair of signals has proven to be effective in basic
stability augmentation systems for the pitch axis.4

Fig. 5 Closed-loop pole migration dependency on overall control
weight.

Fig. 6 Bandwidth dependency on overall control weight.

At this stage, the only freedom left unspeci� ed is the weights Q
and R. As seen from Figs. 2 and 4, the aeroelastic contamination
at the cockpit station is severe. Therefore, the response cost q22q 02

will be scaled 2 to 1 with the q11q2 cost. Accordingly, to utilize the
canard for the aeroelastic suppression role, the control cost r22±2

C
will be scaled 1 to 2 with the r11±

2
E cost. Diagonal Q and R will be

enforcedwith D 1 and used as an overalldesignknob to perform
trades.

Figure 5 shows the closed-looppole migration as the overall con-
trol weighting value for R is varied with

Q D 1
1 0

0 2
s2=rad2 R D

2 0

0 1
1=rad2 (8)

Both short-periodand aeroelasticmode damping can be augmented
with decreased values of . Figure 6 shows the resulting closed-
loop bandwidth (q=±E magnitude crossover with dc value scaled to
0 dB) generated by a range of values for . Recall high bandwidth
is synonymous with low-stability robustness due to ampli� cation
of high-frequency modeling errors, such as neglected aeroelastic
modes. High bandwidth also leads to increased actuator saturation
with resulting time delay increments and increased probability for
pilot induced oscillations. LQ state feedback guaranteed gain and
phase margins are also in effect here, and if the design is carried to
observer reconstructionof the state, loop transfer recoveryconcepts
can be used to preserve these margins.

A value of D 50 providesan acceptable trade between damping
augmentationand bandwidth limitations.The resulting closed-loop
characteristic equation is

f71s.s C 0:70 § j1:0/.s C 1:8 § j5:8/g f¢ ¢ ¢g D 0 (9)

and Figs. 7–10 are the closed-loop frequency and time responses
correspondingto similar input conditionsas in Figs. 1–4. In Eq. (9),
f¢ ¢ ¢g denotes the symmetric right-half plane roots, which are of no
concern here. Signi� cant improvements are seen, but it is noted
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Fig. 7 Closed-loop rigid pitch rate frequency response.

Fig. 8 Closed-loop cockpit pitch rate frequency response.

Fig. 9 Closed-loop rigid pitch rate time response.

the augmented characteristics may need further improvement for
satisfactory handling qualities.

Other than some general knowledge about trends as the design
knob is adjusted,the control system is largelynumerical basedand
the � ight control engineer is left with little understanding.Common
questions facing the designer include how the individual weights
affect particular modes, how the control weights and airframe pa-
rameters combine to yield key closed-loop dynamic features, how
the properties change with � ight condition, how the sensor location
enters into the characteristics,etc. Further, inevitable design modi-
� cations will arise and assistance in implementing a tuning strategy
that is short of a purely iterative approach is highly desirable. An-
swers to these issues could be obtained from a numerical-based
sensitivity study. However, the conclusions would be problem spe-
ci� c, requiringadditionalcalculationsat other � ight conditions, for
example. Attention will now focus on analytical strategies for at-
tacking these issues.

Closed-Loop Approximate Factoring
A techniqueis presentedhere to obtaintheapproximatefunctional

dependenceof the LQ characteristicfactors on the basic aircraft pa-
rameters appearing in the governing differential equations and the
cost function weights, for the purpose of obtaining insight into the
closed-loopfeatures. To accomplish this insight, a truncated Taylor

Fig. 10 Closed-loop cockpit pitch rate time response.

series is used as the tool to obtain the functional dependence.Rela-
tively simple expressionsappear to resultwith satisfactoryaccuracy.

Reconsider the LQ characteristicequation given in Eq. (6). Upon
expansion of this determinant for the 2 £ 2 aircraft system under
consideration,Eq. (6) becomes

Á D 2 r11r22 ¡ r 2
12 d Nd C fr11q11.n12 Nn12/ C r11q12.n12 Nn22

C n22 Nn12/ C r11q22.n22 Nn22/ ¡ r12q11.n11 Nn12 C n12 Nn11/

¡ r12q12.n11 Nn22 C n12 Nn21 C n21 Nn12 C n22 Nn11/ ¡ r12q22.n21 Nn22

C n22 Nn21/ C r22q11.n11 Nn11/ C r22q12.n11 Nn21 C n21 Nn11/

C r22q22.n21 Nn21/g C 2 q11q22 ¡ q2
12 Ã NÃ D 0 (10)

Equation (10) has made use of the transmissionzero polynomialÃ ,
or

n11n22 ¡ n12n21

d
D Ã (11)

In Eq. (10), Á.s/ denotes the LQ characteristicpolynomial and the
overbar denotes evaluation at ¡s.

Note at this stage that the aircraft numerator and denominator
polynomials appearing in Eq. (10) are easily generated by applying
Cramer’s rule to Eq. (1). These polynomials can be expressed as

n i j .s/ D
4!

k D 1

k.s/ d.s/ D
3!

k D 1

k .s/ (12)

The k.s/ and k.s/ terms in Eq. (12) consist of products of second
order, � rst order, and constantpolynomials,which appear as matrix
elements in Eq. (1) having the basic aircraft parameters as coef� -
cients. As will be shown, the factored nature of the k .s/ and k .s/
terms is key to obtaining preliminary approximations to the factors
of Á.s/ (Ref. 12).

Using Eq. (12), Á.s/ can be expressed in expanded form as

Á.s/ D Á10s
10 C Á8s8 C Á6s6 C Á4s4 C Á2s

2 (13)

Further, Á.s/ can be expressed in factored form as

Á.s/ D ks s2 C .2³!/1s C !2
1 s2 C .2³!/2s C !2

2

£ ¡ks s2 ¡ .2³!/1s C !2
1 s2 ¡ .2³!/2s C !2

2 (14)

where !2
i and .2³!/i are the LQ characteristic polynomial factors

and k is the polynomialgain. Here, to match the closed-loopdesign
given in Eq. (9), the factors are stipulated as two complex conjugate
and one at the origin. This assumption does not restrict the method
from other applications involving real or mixed real-complex con-
jugate roots. In general, to know how many zero, nonzero real, and
complex-conjugate factors Á.s/ has, as in Eq. (14), the associated
numerical model must already be factored.

To obtain preliminary approximations to the factors in Eq. (14),
selectone or more of the components[see Eq. (12)] of the ni j Nn pq and
d Nd terms from Eq. (10) that best satisfy the following two criteria.

1) The analytical expressions for the preliminary factors should
have identical root constituencyas that in Eq. (14).
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2) The numerical values for the preliminary factors should be as
close as possible to the numerical values for the exact factors in
Eq. (14). Denote these preliminary factors as

QÁ.s/ D Qks s2 C .2³!/1s C Q!2
1 s2 C .2³!/2s C Q!2

2

£ ¡Qks s2 ¡ .2³!/1s C Q!2
1 s2 ¡ .2³!/2s C Q!2

2

D QÁ10s
10 C QÁ8s8 C QÁ6s6 C QÁ4s

4 C QÁ2s
2 (15)

Now focus on the technique that generates analytical corrections
to the preliminary factors, thereby increasing the accuracy of the
approximate symbolic expressions for the factors. The functional
dependenceof thepolynomialcoef� cientson thepolynomialfactors
is readily available by expandingEq. (14) and equating like powers
of s with Eq. (13) or

Ái D fi k; !2
1; .2³!/1; !2

2; .2³!/2 (16)

where fi is a continuous, nonlinear function consisting of addition
and multiplication of the factors. Of more importance here is the
development of the functional dependence of the factors on the
coef� cients, obtained by inverting Eq. (16).

Considerexpressingthecontinuous,functionaldependenceof the
coef� cients on the factors, as given in Eq. (16), in a Taylor series,

Ái D Ái j0 C @Ái

@x
0

.x ¡ xj0/ C 1
2

.x ¡ xj0/T

£ @ 2Ái

@ x2
0

.x ¡ xj0/ C ¢ ¢ ¢

D Ái j0 C
@Ái

@x
0

D x C
1

2
D xT @2Ái

@x2
0

D x C ¢ ¢ ¢ (17)

where the independent variables are the factors contained in the
column vectors x given as

x D k !2
1 .2³!/1 !2

2 .2³!/2
T

(18)

the � rst partial derivative @Ái =@x is a row vector de� ned as

@Ái

@x
D @ fi

@k
@ fi

@!2
1

@ fi

@.2³!/1

@ fi

@!2
2

@ fi

@.2³!/2

(19)

the second partial derivative @2Ái=@x2 is a matrix de� ned as

@2Ái

@x2
D

@2 fi

@k2
¢ ¢ ¢ @2 fi

@k@.2³!/2
:::

: : :
:::

@2 fi

@.2³!/2@k
¢ ¢ ¢

@2 fi

@.2³!/2
2

(20)

and the notation j0 denotes the nominal values about which the
Taylor series is expanded. Also, D x is de� ned as

D x D x ¡ xj0 D 1k 1!2
1 1.2³!/1 1!2

2 1.2³!/2
T

(21)
For a givennumericalmodel, the basic systemparametersappear-

ing as matrix elements in Eqs. (1) and (7), and the corresponding
polynomial coef� cients, have speci� c numerical values associated
with them. The functionaldependenceof the coef� cients on the fac-
torscan be expressedin a Taylorseriesexpandedabout thesespeci� c
numerical values, but a Taylor series, in particularEq. (17), is more
general than this. The Taylor series in Eq. (17) can be expanded
about any set of numerical values for the basic system parameters.

In Eq. (17), the nominal condition j0 is speci� ed to be a set of
numerical values for the basic parameters that result in Ái j0 D QÁi ,
i.e., after the full expressions for the polynomial coef� cients are
evaluated, the coef� cients corresponding to the preliminary factors
in Eq. (15) result. In otherwords, the systemparametersappearingin
the speci� c k .s/ and k .s/ terms that form the preliminary factors,
as well as the cost functionweightsappearingas overall coef� cients,

are evaluated at their given values, whereas the remaining system
parametersare evaluatedat zero,which, in general,is notnecessarily
their given value. When the system parameters are evaluated in this
way, the k .s/ and k .s/ termsexcludedfrom thepreliminaryfactors
must equal zero. This places a third criterion on the selection of the
preliminary factors.

3) The remaining k.s/ and k .s/ terms, and associatedcost func-
tion weights, excluded from the preliminary factors must be a func-
tion of at least one system parameter that does not appear in the
preliminary factor terms.

If all of the coef� cient Taylor series in Eq. (17) are combinedand
rearranged, a single vector Taylor series results:

D Á D A D x C ¢ ¢ ¢ (22)

where D Á and A are given as

D Á D [.Á2 ¡ Á2j0/.Á4 ¡ Á4j0/.Á6 ¡ Á6j0/

.Á8 ¡ Á8j0/.Á10 ¡ Á10j0/]T (23)

A D @Á2

@x

T

0

@Á4

@x

T

0

@Á6

@x

T

0

@Á8

@x

T

0

@Á10

@x

T

0

T

Note that A is a square matrix.
The matrix A can be invertedanalyticallyto obtain correctionsto

the preliminary factors:

D x ¼ A¡1 D Á (24)

where the higher-orderterms in the series have been neglected.The
matrix A will be invertible as long as its determinant, when evalu-
ated numerically, is nonzero.This inversioncalculationrequires the
symbolic expressions for 1Á obtained from the differencebetween
Eqs. (13) and (15), as well as the symbolic expressions for A ob-
tained from differentiationof Eq. (16). The approximate analytical
expressions for the LQ characteristicpolynomial factors are � nally
obtained by summing the preliminary factors in Eq. (15) with their
corrections in Eq. (24):

x ¼ xj0 C D x (25)

At this stage, the symbolic expressions for the factors, as func-
tions of the basic system parameters, may be quite cumbersome for
obtaining insight into key dynamic characteristics. By neglecting
small terms based on their relative numerical magnitude, the sym-
bolic expressionscan often be simpli� ed to a level that is conducive
to understandingmajor players in the dynamic characteristics.

Factoring Example
To demonstrate the approximate factoring technique just pre-

sented and to obtain insight into the LQ � ight control system design
given earlier, reconsider the vehicle model presented in Eq. (1). By
applying Cramer’s rule to Eq. (1), the vehicle polynomialsd.s/ and
ni j .s/, with the summation structure of Eq. (12), are generated. As
an example, by expanding about the third row, d.s/ is

d.s/ D ¡F® [1 C .Zq =VT /]s.M Ṕs C M´/ ¡ F® s2 ¡ Mqs

£ [.Z Ṕ=VT /s C .Z´=VT /] ¡ Fqs[s ¡ .Z®=VT /]

£ .M Ṕs C M´/ ¡ FqsM®[.Z Ṕ=VT /s C .Z´=VT /]

C s2 C .2³! ¡ F Ṕ/s C !2 ¡ F´ [s ¡ .Z®=VT /]

£ s2 ¡ Mqs ¡ s2 C .2³! ¡ F Ṕ/s C !2 ¡ F´

£ [1 C .Zq=VT /]s M® (26)

Other polynomials are not shown for conciseness. These polyno-
mials combine according to Eq. (10) to form the LQ characteristic
polynomial. Further, the exact numerical solution for this closed-
loop polynomial is

Á.s/ D f71s.s2 C 1:4s C 1:6/.s2 C 3:5s C 37/gf¢ ¢ ¢g (27)

Out of all possible combinationsof the factored terms in Eq. (10)
that factor symbolically into one real root at the origin and two
complex conjugate roots (criterion 1) and are as close to the exact
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numerical values as possible (criterion 2), the following terms are
selected as the preliminary factors:

QÁ.s/ D .r11r22/
1
2 s s2 C [¡.Z®=VT / ¡ Mq ]s C [.Z®=VT /Mq

¡ [1 C .Zq=VT /]M®] s2 C .2³! ¡ F Ṕ/s C !2 ¡ F´ f¢ ¢ ¢g

D f71s.s2 C 1:2s C 3:8/.s2 C 0:62s C 35/gf¢ ¢ ¢g (28)

Note the factors in Eq. (28) originate from the last two of the six
components within the bare airframe denominator polynomiald.s/
in Eq. (26). Comparisons of Eqs. (27) and (28) indicate the prelim-
inary factors are not, by themselves, suf� ciently accurate, implying
corrections are needed. Speci� cally, !2

1 (1.6 vs 3.8) and .2³!/2

(3.5 vs 0.62) indicate large discrepancies.With review of the basic
parameters, it can be veri� ed that criterion3 is met for the selection.

Before moving on to the correction terms, a slight modi� cation
to the strategy is considered. In Eq. (10), the 2 term denotes the
open-loop root locations, whereas the and 2 terms represent
the feedback effects that modify the open-loop roots into closed-
loop roots. Note the chosen preliminary factors in Eq. (28) are the
classic short-period and aerodynamically damped pure vibration
factors, arising solely from the 2 term. Numerically speaking, the
preliminary factors are not a suf� cient approximation to even the
bare airframe poles in Table 1:

d.s/ D s.s2 C 0:88s C 1:6/.s2 C 1:0s C 36/ (29)

As proposed,the factoringtechniquewould attempt to correctfor er-
rors originatingfrom both open-loopand closed-loopsources in one
step.Better accuracycan be had if the problemis brokendown into a
two-stepprocedure,� rst correctingfor the open-looperrors and sec-
ond for the feedbackerrors. The � rst step was the subject of Ref. 12,
and the resultsare applicablehere.By applyingthe methodto the air-
frame only, the expressionsfor the new preliminary factors become

Qk D .r11r22/
1
2 D 71

Q!2
1 D .Z®=VT /Mq ¡ [1 C .Zq =VT /]M®

¡
[1 C .Zq=VT /]M´ F®

!2 ¡ F´

D 1:8

A D ¡2 Qk2

Q!4
2 Q!2

1 0 Q!4
1 Q!2

2 0

Q!4
2 C 2 Q!2

2 ¡ .2³!/2
2 Q!2

1 ¡ Q!4
2.2³!/1 Q!4

1 C 2 Q!2
1 ¡ .2³!/2

1 Q!2
2 ¡ Q!4

1.2³!/2

2 Q!2
2 C Q!2

1 ¡ .2³!/2
2 ¡ 2 Q!2

2 ¡ .2³!/2
2 .2³!/1 2 Q!2

1 C Q!2
2 ¡ .2³!/2

1 ¡ 2 Q!2
1 ¡ .2³!/2

1 .2³!/2

1 ¡.2³!/1 1 ¡.2³!/2

(32)

After some effort, the A matrix can be inverted analytically. With the goal of simple and useful expressions, A¡1 has far too many terms to
retain. For example, the 1,1 element of A¡1 is given as

A¡1
11 D

8 ¡ Q!6
2.2³!/1.2³!/2 C ¡3 Q!4

1 ¡ .2³!/4
1 C 4 Q!2

1.2³!/2
1 Q!2

2.2³!/1.2³!/2

¡ ¡2 Q!2
1 C .2³!/2

1 2 Q!2
2.2³!/1 ¡ .2³!/2

2.2³!/1 Q!2
2.2³!/2

16 Qk2 Q!2
1 Q!2

2.2³!/1.2³!/2 Q!8
1 C Q!8

2 C 6 Q!4
1 Q!4

2 ¡ Q!4
2 C Q!4

1 4 Q!2
1 Q!2

2 C Q!4
2.2³!/4

1 C Q!4
1.2³!/4

2 ¡ Q!2
2.2³!/2

1 C Q!2
1.2³!/2

2 4 Q!2
1 Q!2

2

C 2 Q!2
2 ¡ .2³!/2

2 Q!4
1.2³!/2

1 C 2 Q!2
1 ¡ .2³!/2

1 Q!4
2.2³!/2

2 C 2 Q!6
2.2³!/2

1 C 2 Q!6
1.2³!/2

2

(33)

However, if small numerical terms are neglected, the 1,1 element of A¡1, as well as all other elements, can be reasonably approximated by

A¡1 ¼ 1

0

¡ 4 Q!2
1 ¡ Q!2

2 Q!2
2.2³!/1.2³!/2 2 Q!4

1 Q!2
2.2³!/1.2³!/2 ¡ Q!4

1 Q!4
2.2³!/1.2³!/2 2 Q!6

1 Q!4
2.2³!/1.2³!/2

¡ 4 Q!2
1 ¡ Q!2

2 Q!2
2.2³!/2 ¡2 Q!4

2 Q!2
1.2³!/2 Q!4

1 Q!4
2.2³!/2 ¡ Q!2

1 ¡ 3.2³!/2
1 Q!4

1 Q!4
2.2³!/2

2 Q!2
1 Q!2

2.2³!/1.2³!/2 ¡2 Q!4
2 Q!2

1.2³!/1.2³!/2 Q!6
2 Q!2

1.2³!/1.2³!/2 ¡2 Q!6
2 Q!4

1.2³!/1.2³!/2

¡ 2 Q!2
1 ¡ Q!2

2 Q!2
1.2³!/1 ¡2 Q!4

2 Q!2
1.2³!/1 Q!6

2 Q!2
1.2³!/1 4 Q!2

1 ¡ Q!2
2 Q!6

2 Q!2
1.2³!/1

D
¡1:2e¡8 ¡1:8e¡8 3:1e¡7 ¡2:3e¡6
¡1:0e¡8 6:6e¡8 ¡2:5e¡7 ¡2:2e¡7
¡4:7e¡9 1:6e¡7 ¡2:9e¡6 2:2e¡5
¡3:0e¡9 1:3e¡7 ¡4:6e¡6 9:1e¡5

0 D ¡2 Qk2 Q!8
2 Q!2

1.2³!/1.2³!/2 (34)

.2³!/1 D ¡.Z®=VT / ¡ Mq

¡ ..f.Z´=VT / C [1 C .Zq=VT /]M ṔgF® C M´ Fq//

!2 ¡ F´

D 0:90

Q!2
2 D !2 ¡ F´ C

[1 C .Zq=VT /]M´ F®

!2 ¡ F´

D 37

.2³!/2 D .2³! ¡ F Ṕ/

C ..f.Z´=VT / C [1 C .Zq=VT /]M ṔgF® C M´ Fq//

!2 ¡ F´

D 0:97

(30)

These modi� ed preliminary factors provide a much better approxi-
mation to the airframe factors in Eq. (29). To account for the effect
of feedbackaugmentationon the root locations,correctionsto these
factors will now be considered, where only the and 2 terms in
Eq. (10) are utilized.

To construct the symbolic Taylor series for the polynomial co-
ef� cients, consider the functional dependence of the polynomial
coef� cients on the polynomial factors from Eqs. (13) and (14),

Á2 D ¡k2 !4
1!4

2

Á4 D ¡k2 2!4
1!2

2 C 2!4
2!2

1 ¡ !4
1.2³!/2

2 ¡ !4
2.2³!/2

1

Á6 D ¡k2 !4
1 C !4

2 C 4!2
1!2

2 ¡ 2!2
1.2³!/2

2 (31)

¡ 2!2
2.2³!/2

1 C .2³!/2
1.2³!/2

2

Á8 D ¡k2 2!2
1 C 2!2

2 ¡ .2³!/2
1 ¡ .2³!/2

2 Á10 D ¡k2

From Eq. (31) an exact expression for k in closed form is available.
Thus, no correction is required for k and the correspondingrow for
Á10 in Eq. (22) is dropped and A becomes 4 £ 4.

After calculatingthe appropriatepartial derivativesof Ái , the ma-
trix A is expressed as
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Moving on to the calculation for the excluded terms not selected
in the preliminary factors, 1Á consists of the and 2 terms in
Eq. (10), broken down into coef� cients for the relevant powers of s.
Recall that terms originating from the 2 set are not included in 1Á
for the modi� ed two-step strategy. When fully expanded, expres-
sions for 1Ái are extremely long and unsatisfactory for obtaining
insight.After retainingonly the numericallydominant terms similar
to the transitionstep from Eq. (33) to Eq. (34), 1Á is approximately

1Á2 ¼ ¡r11q22 ¡.Z®=VT /M´ F±C

2

¡ r22.q11 C q22/ ¡.Z®=VT /M´ F±E

¡ .Z®=VT /M±E !2 ¡ F´

2 D ¡4:4eC5

1Á4 ¼ r11q22 M´ F±C C M±C !2 ¡ F´

C [1 C .Zq=VT /]M® F±C Á 0 2

C r22q22 M±E !2 ¡ F´

2 D 5:8eC6

1Á6 ¼ ¡r11q222F±C Á 0 M´ F±C C M±C !2 ¡ F´

C [1 C .Zq=VT /]M® F±C Á 0

C r22q222 M±E ¡ F±E Á0 M±E !2 ¡ F´ D 1:4eC5

1Á8 ¼ r11q22 ¡F±C Á 0 2 C r22q22 M±E ¡ F±E Á 0 2

D 5:2eC4 (35)

Corrections to the preliminary factors 1x are obtained by the
product of A¡1 and 1Á. Even with the already simpli� ed results
for A¡1 and 1Á in Eqs. (34) and (35), the 1x expressions can be
extremely long when fully expanded. Again, retaining only the nu-
mericallydominantterms, thecorrectionsfor thepreliminaryfactors
are

1!2
1 ¼

Q!2
1

¡Qk2 Q!6
2

1Á4 C Q!2
1 Q!2

21Á8 D ¡0:22

1.2³!/1 ¼
1

2 Qk2 Q!4
2.2³!/1

1Á4 D 0:38

1!2
2 ¼ 1

Qk2 Q!4
2

1Á4 C Q!2
1 Q!2

21Á8 D 2:1

1.2³!/2 ¼
4 Q!2

1 ¡ Q!2
2

¡2 Qk2 Q!2
2.2³!/2

1Á8 D 4:8

(36)

The pinnacle result from the preceding steps is now available.
Approximate analytical expressions for the LQ characteristicpoly-
nomial factors are

!2
1 ¼ Q!2

1 C 1!2
1 D 1:5

.2³!/1 ¼ .2³!/1 C 1.2³!/1 D 1:3
(37)

!2
2 ¼ Q!2

2 C 1!2
2 D 39

.2³!/2 ¼ .2³!/2 C 1.2³!/2 D 5:7

where, ultimately, every term has been traced back to a function
of the basic vehicle parameters and cost function weightings using
Eqs. (30), (35), and (36). Table 2 contains the expanded results.

Beforeeverusingtheapproximateexpressions,� rst considertheir
accuracy. If all terms in the preceding calculations were retained,
the approximate expressions would be intractable for practical ap-
plications. In most physical systems, as is the case here, all terms
are not signi� cant. Small terms, based on relative numerical mag-
nitude, were neglected. In other words, accuracy is being traded off
for simplicity. Here the trade is reasonably acceptable as seen by
contrasting the values in Eq. (37) with Eq. (27). The approximate
expressionsare roughly accurate allowing underlying relationships
to be explored.

Table 2 Analytical expressions for LQ eigenvalues

!2
1 ¼ Z®

VT
Mq ¡ 1 C

Zq

VT
M® ¡

[1 C .Zq =VT /]M´ F®

!2 ¡ F´

C
Q!2

1

¡Qk2 Q!6
2

r11q22 M´ F±C C M±C !2 ¡ F´

C [1 C .Zq =VT /]M® F±C Á0 2
C r22q22 M±E !2 ¡ F´

2

C Q!2
1 Q!2

2 r11q22 ¡F±C Á 0 2
C r22q22 M±E ¡ F±E Á 0 2

.2³ !/1 ¼ ¡
Z®

VT
¡ Mq ¡

f.Z´=VT / C [1 C .Zq=VT /]M Ṕ gF® C M´ Fq

!2 ¡ F´

C
1

2 Qk2 Q!4
2 .2³!/1

r11q22 M´ F±C C M±C !2 ¡ F´

C [1 C .Zq =VT /]M® F±C Á0 2
C r22q22 M±E !2 ¡ F´

2

!2
2 ¼ .!2 ¡ F´/ C

[1 C .Zq=VT /]M´ F®

!2 ¡ F´

C
1

Qk2 Q!4
2

r11q22 M´ F±C C M±C !2 ¡ F´

C [1 C .Zq =VT /]M® F±C Á0 2
C r22q22 M±E !2 ¡ F´

2

C Q!2
1 Q!2

2 r11q22 ¡F±C Á 0 2
C r22q22 M±E ¡ F±E Á 0 2

.2³ !/2 ¼ .2³ ! ¡ F Ṕ / C
f.Z´=VT / C [1 C .Zq=VT /]M Ṕ gF® C M´ Fq

!2 ¡ F´

C
4 Q!2

1 ¡ Q!2
2

¡2 Qk2 Q!2
2 .2³!/2

r11q22 ¡F±C Á 0 2
C r22q22 M±E ¡ F±E Á 0 2

Brief examples of how and why these expressions are useful are
discussed subsequently. Aeroelastic mode damping, through feed-
back, has been increasedroughly threefold when Eqs. (27) and (29)
are compared. Consider the expression for .2³!/2 in Table 2. The
� rst line represents the open-loopcontribution,whereas the second
line indicates the effect from feedback.One contributionfrom feed-
back is represented by the q22r11 term. Recall q22 penalizes a poor
responseat the cockpit.q 0/, and r11 penalizesactivityof the elevator
.±E /. In other words, larger values for q22 and r11 imply increased
utilization of cockpit pitch rate q 0 as a feedback signal and canard
de� ection ±C as a control input. The q22r11 term indicates the cock-
pit pitch rate to canard feedback path .q 0 ! q22r11 ! ±C / is a
key player in the damping increase. Rigorously speaking, q 0 is not
a feedback signal, but its effect through state feedback is.

The associated combinationof vehicle parameters F±C Á 0 appear-
ing with q22r11 tells the physicalmechanizationfor this damping in-
crease.Supposea disturbanceis presentin the generalizedstructural
de� ection Ṕ. Through the mode slopeÁ 0, this disturbanceexcites the
cockpit response q 0. Because of feedback .q22r11/, the canard .±C /
is activated. Finally, through the control derivative F±C , the initial
disturbance in the generalized structural de� ection Ṕ is countered.
This feedback damping mechanism . Ṕ ! Á0 ! q 0 ! q22r11 !
±C ! F±C ! Ṕ/ can be emphasized by increases in q22 or r11.
Likewise, Table 2 indicates the cockpit pitch rate to elevator feed-
back path .q 0 ! q22r22 ! ±E / is also an important player in the
damping augmentation.A simple calculationfrom Table 2 indicates
that the cockpit pitch rate to canard feedback path contributes 67%
to damping augmentation,whereas the cockpit pitch rate to elevator
feedback path contributes 33%. This 33% contribution is further
decomposed into a stabilizingcontribution from F±E Á 0 and a desta-
bilizing contribution from M±E , i.e., damping loss. Information of
this type is dif� cult to come by without the analytical relationships.

Conclusions
A method to uncover functional relationships between design

parameters of a contemporary control design technique and the
resulting closed-looppropertieshas been proposed.Efforts concen-
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trated on the LQ state feedback technique applied to an aeroelastic
� ight control task. For this speci� c application, simple, roughly
accurate analytical expressions for the closed-loop eigenvalues in
terms of basic parameters such as stability and control derivatives,
structural vibration damping and natural frequency, and cost func-
tion weights were generated. These expressions explicitly indicate
howthecostweightsaugmentthe shortperiodand aeroelasticmodes
and by what physical mechanization.This type of knowledge is in-
valuable to the � ight controldesigner and would be more dif� cult to
formulatewhen obtainedfromnumerical-basedsensitivitymethods.
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